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Abstract
Theories with large extra dimensions can generate small neutrino masses
when the standard model neutrinos are coupled to singlet fermions propagat-
ing in higher dimensions. The couplings can also generate mass splittings and
mixings among the flavour neutrinos in the brane. We systematically study
the minimal scenario involving only one singlet bulk fermion coupling weakly
to the flavour neutrinos. We explore the neutrino mass structures in the brane
that can potentially account for the atmospheric, solar and LSND anomalies
simultaneously in a natural way. We demonstrate that in the absence of a
priori mixings among the SM neutrinos, it is not possible to reconcile all these
anomalies. The presence of some structure in the mass matrix of the SM neu-
trinos can solve this problem. This is exemplified by the Zee model, which
when embedded in extra dimensions in a minimal way can account for all the
neutrino anomalies.
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I. INTRODUCTION
The present data from the experiments on atmospheric, solar and reactor neutrinos
indicate neutrino flavour oscillations. The data from each of these sets of experiments
individually can be explained by a single dominating mass square difference ∆m2 and a
mixing angle θ. The atmospheric neutrino data [1] indicate νµ ↔ ντ as the dominant mode,
with ∆m2atm = (1− 8) · 10−3 eV2 , sin2 2θ = 0.8− 1.0. There is no compelling evidence that
the electron neutrinos participate in the oscillations of atmospheric neutrinos. Moreover, the
CHOOZ experiment [2] gives an upper bound on the mixing of νe: we have sin
2 2θe ≤ 0.1
where ν3 is the mass eigenstate such that ∆m
2
31 ≈ ∆m232 ≈ ∆m2atm. The three MSW
solutions (LMA, SMA and LOW) as well as the vacuum oscillations can provide reasonable
fits to the solar neutrino data [3], all these solutions have ∆m2⊙ ≤ 2 ·10−4 eV2. The results of
the LSND experiment [4] are neither confirmed nor fully excluded by the KARMEN2 data [5],
and the combined fit allows a region [6] ∆m2LSND = (0.1− 1) eV2 , sin2 2θµe ≈ 10−3− 10−2.
In the context of only three known neutrino species, the ∆m2s corresponding to the so-
lutions of the three neutrino anomalies (atmospheric, solar and LSND) cannot be reconciled
and if the oscillation mechanism is to be used to explain all the anomalies1, the introduction
of a sterile neutrino becomes necessary. There are two simple schemes of mixing among four
neutrinos which can account for all the neutrino anomalies:
(i) In the “3+1” scheme [8], the masses of the three active states are separated from that
of the sterile one by the LSND scale. The possible νe − νµ oscillations seen at LSND arise
through simultaneous mixings of νe and νµ with the sterile neutrino νs. Such a picture is
strongly constrained by laboratory disappearance experiments. It was argued [8] that these
experiments constrain the νe − νµ mixing below the experimental signal at LSND. This has
changed with the new LSND data and the 3+1 scheme is claimed [9] to be viable for some
parameter range, though the detailed statistical analysis in [10] does not support this claim.
(ii) The second scheme — known as the “2+2” scheme [8,11] — corresponds to two nearly
degenerate pairs of neutrinos separated by the LSND mass scale. The mixings within the
pairs account for the solar and atmospheric flux deficits. The small oscillation probability
seen in the LSND experiment can be explained by requiring that νe and νµ belong to two
different degenerate pairs. This implies that the sterile state has significant admixture
either with νe or νµ and thus plays an important role in generating either the solar or the
atmospheric neutrino deficit. The data on atmospheric neutrinos disfavour νµ − νs as the
dominant source of the νµ oscillations [1]. The global fit to the available sets of the solar
neutrino data are also better described in terms of νe conversion to active rather than the
sterile state, although the latter possibility is not completely ruled out [12]. The 2+2 scheme
will be ruled out if both the solar and the atmospheric neutrinos are found to be mainly
oscillating to active neutrinos.
It follows that both the above schemes are strongly constrained and may not prove
adequate for incorporating the LSND signal. In this case, the description of data in terms
of four neutrino mixing would be challenged and more complicated possibilities would be
1Some non-oscillation “exotic” solutions have been proposed [7], but we shall not discuss them
here.
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needed. Quite apart from phenomenological incompatibility, the very existence of a light
sterile state needs theoretical justification. While there have been attempts in this direction
[13], the introduction of more than one light sterile states can add to theoretical difficulties.
The above theoretical and phenomenological problems find natural solutions in theories
with extra dimensions of mm size [14]. Firstly, such theories can provide justification for the
existence of light sterile states which form a part of the Kaluza Klein (KK) tower associated
with a singlet fermion residing in the bulk volume of the full higher dimensional theory. In
addition, the presence of more than one light sterile state allows additional phenomenological
possibilities not envisaged in the context of the 2+2 or 3+1 schemes mentioned above. As a
result, these theories provide a potentially useful framework for understanding all neutrino
anomalies.
The standard model particles are assumed to be confined to a three-brane embedded in a
higher dimensional bulk. The gauge singlet states are not confined this way and propagate in
the bulk. Such theories have been argued to provide some understanding of neutrino masses
if one assumes the presence of a singlet neutrino νB propagating in the bulk. The couplings
of νB to the flavour states residing in bulk are suppressed by a volume factor corresponding
to the extra dimensions and lead to very small neutrino masses [15,16] in spite of the new
physics at TeV scale.
The minimal approach consists of assuming only five dimensions2 and the presence of
only one bulk neutrino coupling to all the known flavors through
mα
v
l¯αφνB + h.c. , (1)
where
mα ≡ hαvMf
MP
≈ 6 · 10−5 eVhα
(
Mf
TeV
)
. (2)
Here hα is the Yukawa coupling, and Mf(MP ) is the fundamental (Planck) mass scale.
Neutrino masses and mixings are determined by four parameters: three mixing parameters
ξα ≡
√
2mαR and an overall mass scale m
2 ≡ m2e +m2µ +m2τ .
From the point of view of the 4-dimensional theory, the νB residing in a five dimensional
world contains a massless state which can provide a sterile neutrino needed to understand
various neutrino anomalies. The nth KK excitation associated with νB has a massmn = n/R.
For R ∼ 0.1 mm, masses of some of the low lying excitations would be in the range needed
for the occurrence of the MSW resonance for solar neutrinos. The mixing of the KK states
with νe is governed by ξe. For Mf in the TeV range, this mixing is in the range needed for
the small mixing angle solution of the solar neutrino problem. Hence, the MSW solution in
this context is correlated to observable extra dimensions and TeV mass scale [17]. However,
these values of the parameters cannot provide the atmospheric neutrino scale if Yukawa
2 The observed accuracy of Newton’s law over earth-sun distance requires the presence of two or
more extra dimensions. We have implicitly assumed that the radii of all other extra dimensions
are much smaller than that of the fifth dimension. One can work in this case with an effective five
dimensional theory.
3
couplings hα < 1. This makes it difficult to reconcile all the neutrino anomalies and one
needs to go beyond this minimal picture. The following different possibilities have been
considered in the literature:
(i) Extension of the minimal scheme with three bulk neutrinos was considered in [18].
The phenomenology of this case is described in terms of an arbitrary mixing matrix, three
Dirac brane-bulk masses mα and corresponding να − νBα mixing parameters ξα. The solar
and atmospheric neutrino deficit can be explained for small ξα. But this requires larger
mµ than the natural value expected from (2), and consequently the fundamental scale of
about three to four orders of magnitude higher than TeV. On the other hand, for larger ξ2
and/or ξ3, the atmospheric neutrinos oscillate to the unfavoured mode of the sterile state.
Moreover, one cannot explain the LSND results in a satisfactory manner in any of these
cases [18].
(ii) Lukas et al. [19] considered an extension which allows for a mass term of the bulk
neutrino. Such an extension is compatible with all neutrino anomalies provided one intro-
duces three bulk neutrinos and lepton number violation in the brane-bulk couplings. Some
of these couplings are required to be as large as mα ∼ 10−1 eV as in the case (i). Thus either
one needs a relatively large fundamental scale or Yukawa couplings much larger than 1.
(iii) The neutrino masses and mixings exclusively occur due to physics in the bulk in
both the above cases. It is conceivable that physics in the brane itself may have some seed
for the neutrino oscillations to occur. This possibility was considered in [20]. It was shown
that if the brane neutrinos have some masses then their coupling to the bulk neutrino can
induce mixings, and hence oscillations, among the brane neutrinos. In this context, models
have been considered [21] that try to solve some of the neutrino anomalies.
The aim of this paper is to study the feasibility of the suggestion (iii) from the point of
view of solving all neutrino anomalies. Motivated by the observation that strong mixing of
sterile state with νµ is disfavoured [1], we shall work in the limit of only small brane-bulk
mixing, i.e. small ξα. Neutrino oscillations can be largely described in this framework from
an effective 4 × 4 matrix in the space of three active neutrinos and the massless mode of
νB. One can use the standard seesaw approximation to determine this matrix provided one
allows non-leading terms in this approximation. We present the general formalism for this
in Sec. II. Non-zero brane mass for the electron neutrino can significantly influence the
solution to the solar neutrino problem proposed in [17]. We discuss this effect quantitatively
in Sec. III. These results are then used in Sec. IV to study phenomenology of the minimal
case in which one allows neutrino masses but no mixing in the brane. It is shown that
one cannot solve all the neutrino anomalies in this case. In Sec. V, we study a specific
structure of the neutrino mass matrix based on the Zee model [22] and show that this, when
embedded in the extra dimensions, can explain all the neutrino anomalies. The last section
gives summary of our results.
II. GENERAL FORMALISM
A. The Lagrangian
We start by taking only one singlet neutrino in the bulk, with the free bulk action given
by
4
Sbulk =
∫
d4x dy ΨγA i∂AΨ , (3)
where γA (A = 0, 1, 2, 3, 4) are the 5-dimensional Gamma matrices. Here x ≡ (x0, x1, x2, x3)
are the usual 4-d coordinates, and the SM brane is at y ≡ x4 = 0. Let the bulk neutrino
couple to all the known active flavours, so that the brane-bulk Yukawa coupling is3
Sbrane = −
∫
y=0
d4x
(
hα√
2πR
Mf
MP
LαHΨ+ h.c.
)
. (4)
The four dimensional effective action may be obtained by expanding Ψ as
Ψ(x, y) =
1√
2πR
∑
n∈Z
Ψn(x)exp
(
iny
R
)
, (5)
where each of the modes Ψn may be written in terms of two 4-d left-handed Weyl spinors
ξ, η as
Ψn =

 iξn
η¯n

 . (6)
The effective 4-d Lagrangian involving KK modes can be written as
− Lmass =
∑
α
mανα(
∑
n∈Z
ηn) +
∑
n∈Z
mnξnηn + h.c. (7)
where mn ≡ n/R. Defining new fields
ξ±n ≡ (ξn ± ξ−n)/
√
2 , η±n ≡ (ηn ± η−n)/
√
2 , (8)
we can write the above Lagrangian (7) as
−Lmass =
∑
α
mανα(η0 +
√
2
∑
n∈N
η+n ) +
∑
n∈N
mn(ξ
−
n η
+
n + ξ
+
n η
−
n ) + h.c. (9)
The fields ξ+n and η
−
n decouple completely from the rest.
We add to the above Lagrangian a general mass term for the flavour neutrinos να (α =
e, µ, τ)4:
3 Since Ψ and Ψ have the same transformation properties under 5 dimensional Lorentz symmetry,
we have chosen to name as Ψ the bulk spinors with lepton number +1 (as in [23]), so that the
brane-bulk coupling (4) is lepton number conserving. Lepton number violating terms of the form
hcαLαHΨ
c are possible in principle, but we can get rid of them through the imposition of a Z2
symmetry [23]. The same symmetry also forbids a possible Dirac mass term µΨΨ in (3).
4 This term explicitly violates the lepton number in the brane, but it is still allowed under the Z2
symmetry that forbids the bulk-brane lepton violating coupling [23].
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∑
α,β
µαβνανβ . (10)
The net Lagrangian relevant for the neutrino oscillations can then be written as
−Lmass = 1
2
(νe, νµ, ντ , η0, ηˆ, ξˆ)
T Mν (νe, νµ, ντ , η0, ηˆ, ξˆ) (11)
where
ηˆ ≡ (η+1 , η+2 , ...) , ξˆ ≡ (ξ−1 , ξ−2 , ...) (12)
The Majorana mass matrixMν is
Mν =


µee µeµ µeτ me
√
2Me 0
µeµ µµµ µµτ mµ
√
2Mµ 0
µeτ µµτ µττ mτ
√
2Mτ 0
me mµ mτ 0 0 0√
2MTe
√
2MTµ
√
2MTτ 0 0 Mηξ
0 0 0 0 Mηξ 0


, (13)
where the matrices Mα and Mηξ are defined as
Mα ≡ mα(1, 1, 1, ...) , Mηξ ≡ 1
R
Diag(1, 2, 3, ...) . (14)
B. Diagonalization of the neutrino mass matrix
We now use the standard seesaw approximation to diagonalize eq.(13). This may be
written in the block form
Mν =

 mL m
mT M

 , (15)
where
mL ≡


µee µeµ µeτ me
µµe µµµ µµτ mµ
µτe µτµ µττ mτ
me mµ mτ 0

 , m ≡


√
2Me 0√
2Mµ 0√
2Mτ 0
0 0

 , M ≡

 0 Mηξ
Mηξ 0

 . (16)
The matrix M is diagonalized by the unitary matrix Yˆ :
Yˆ =
1√
2

 1 −1
1 1

 so that Mˆ ≡ Yˆ TMYˆ =

Mηξ 0
0 −Mηξ

 . (17)
6
Then the action of the matrix Y ≡

 1 0
0 Yˆ

 onMν will be
Mˆν ≡ Y TMνY =

 mL mˆ
mˆT Mˆ

 where mˆ ≡ mYˆ =


Me −Me
Mµ −Mµ
Mτ −Mτ

 (18)
The matrix Mˆν may be “block-diagonalized” in general by
W ≡


√
1− BB† B
−B† √1− B†B

 , such that M˜ν ≡W TMˆνW =

 m˜L 0
0 M˜

 . (19)
Here, in the seesaw approximation that is valid for µαβ, mα ≪ 1/R, we may expand the
relevant quantities as [24]
m˜L = mL − mˆMˆ−1mˆT − 1
2
(mˆMˆ−2mˆTmL + h.c.) + ... (20)
M˜ = Mˆ +
1
2
(mˆT mˆMˆ−1 + h.c.) + ... (21)
B = mˆMˆ−1 +mLmˆMˆ
−2 + ... (22)
In the above expressions, we have retained the non-leading terms neglected in the usual
seesaw approximation. This is necessary because of the fact that the leading term
mˆMˆ−1mˆT = 0 (23)
vanishes identically as can be checked from eqs. (16) and (18). The non-trivial correction
to mL is thus provided by the third term in eq.(20) and the m˜L is given by
m˜L = mL − 1
2
(mˆMˆ−2mˆTmL + h.c.)
= mL − 1
2




χ2e χeχµ χeχτ 0
χeχµ χ
2
µ χµχτ 0
χeχτ χµχτ χ
2
τ 0
0 0 0 0

mL + h.c.

 (24)
where we have defined χα ≡
√∑ 1
k2
ξα = mαR
√∑ 2
k2
for future convenience.
Let Kˆ be the matrix that diagonalizes m˜L through Kˆ
T m˜LKˆ = Diag(m1, m2, m3) and V
be the matrix that makes the elements of M˜ positive:
V ≡

 1 0
0 i

 so that V TM˜V =

Mηξ 0
0 Mηξ

 . (25)
The matrix M˜ν is then completely diagonalized by
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K ≡

 Kˆ 0
0 V

 through KTM˜νK =MD . (26)
The net mixing matrix which diagonalizes Mν is then
U = Y WK =


√
1− BB† Kˆ BV
−Yˆ B†Kˆ Yˆ√1− BB† V

 . (27)
To the first order in mαR, we have
B ≈ mˆMˆ−1 = R


me
mµ
mτ
0


(
M1/n −M1/n
)
where M1/n ≡
(
1,
1
2
,
1
3
, ...
)
. (28)
Since B ∼ mαR≪ 1, we may expand in powers of BB† to write the flavor states (νe, νµ, ντ
and νs ≡ η0) as
να =
∑
β
[δαβ − 1
2
(BB†)αβ]Kˆβiνi +
∑
n∈N
Bαn(η
+
n + iξ
−
n )
=
∑
β
[δαβ − 1
2
(BB†)αβ]Kˆβiνi +
√
2
∑
n∈N
BαnNn (29)
where Nn ≡ (η+n + iξ−n )/
√
2. Note that
√
2Bαn =

 ξα/n α ∈ {e, µ, τ}0 α = s (30)
so that the mixing between the KK excitations and the να, η0 is of O(mM ) as in the standard
seesaw approximation, and
(BB)†αβ =

 χαχβ α, β ∈ {e, µ, τ}0 α = s or β = s . (31)
To the first order in mαR, the approximation
Uαi ≈ Kˆαi (32)
is valid for α ∈ {e, µ, τ, s} and i ∈ {1, 2, 3, 4}.
Eq. (29) coincides with the corresponding equation in case of a single flavour derived
for example in [17]. The mixing of higher KK states with the brane states is unaffected
by the presence of masses in the brane. In contrast, the mixing among four neutrinos as
determined by Kˆβi in (29) is strongly dependent on the presence of neutrino masses in the
brane. In particular, the mixing among brane neutrinos may be generated entirely from
their couplings to the bulk neutrino. We shall study implications of this in Sec IV.
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III. ELECTRON NEUTRINO MASS AND SOLAR ANOMALY
The conversion of νe from the sun to sterile neutrinos can occur in this theory through
the resonance of νe with the tower of the KK states with masses
n
R
. This has been explored
in detail [17] in the case of a massless electron neutrino. With R ∼ 103 eV−1, the KK
states are separated by mass differences of the order of 10−3 eV, so the νe mass λ <∼ 10−3 eV
will still not affect the νe survival probability calculated therein. However, in some of the
scenarios that we will be considering in this paper, νe (more precisely, the mass eigenstate
with a considerable fraction of the electron flavour) can have a non-zero mass λ ≥ 10−3 eV.
We discuss in this section modifications introduced in the treatment of [17] due to such a
mass. In particular, relatively large νe mass can spoil the solar neutrino solution proposed
therein.
For an electron neutrino with energy E, the density of the layer of resonance with the
nth KK state is
ρn =
(
n2
R2
− λ2
)
mN
2EGF (Ye − Yn/2) , (33)
where mN is the nucleon mass, GF is the Fermi coupling constant, and Ye(n) is the number
of electrons (neutrons) per nucleon in the medium. Eq.(33) gives the set of energies EnR
beyond which νe undergoes resonance with the n
th KK state:
EnR ≈ 0.3MeV · (n2 − λ2R2)
(
106 eV2
R2
)
, (34)
The values of EnR can be appropriate for solar neutrino provided R ∼ 103 eV−1. The specific
excitations which participate in the resonance are influenced by the value of λR.
The neutrino conversions take place mainly in the resonance layers (33). Since the mixing
angle is small (ξe/n ≪ 1), the resonance layers are well separated. As the neutrinos travel
outwards from their production point inside the sun, they encounter the resonance layers
corresponding to the densities (33). The νe survival probability after passing through the
resonance layer is
Pn ≈ Exp

−π
2
(
n2
R2
− λ2
)
2ξ2e
n2E
ρ
dρ/dr
∣∣∣∣∣
ρ=ρn

 . (35)
The net νe survival probability is
Psurv =
nmax∏
n=nmin
Pn (36)
where nmax corresponds to the highest density resonance that the neutrinos with energy
E encounter, and nmin is determined by the condition n ≥ λR. Since Pn approaches 1
rapidly (Pn ∼ Exp[−C/n2]) with increasing n, the upper cutoff in n is not of much practical
significance. The lower cutoff however may have a significant impact on the final νe survival
probability, depending on the νe mass.
For λ = 0, the value of Pn is independent of the specific excitation n which takes part
in the resonance [17]. This gets altered when λ is of the order of the MSW scale or larger.
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In particular, a substantially large value for λ implies large nmin for the resonance and the
suppression of Psurv due to Pns with low values of n is absent. This implies a higher νe
survival probability.
We show the value of Psurv as a function of νe energy in Fig. 1 for different values of λ
using the parameters
4ξ2e = 10
−3 , R = 103 eV−1 , Ye = Yn = 0.5 , ρ/(dρ/dr) = 1.4 · 1015 eV−1 .
The value of Psurv is seen to be significantly affected by a non-zero λ. In particular, it
becomes ∼ 1 for λ ∼ eV. In this case, the resonance with the KK states is ineffective
in converting the solar neutrino with small mixing ξe. We shall encounter different cases
considered here in the subsequent phenomenological analysis.
IV. UNMIXED ACTIVE SECTOR
In this section, we discuss specific forms of mL which correspond to massive but unmixed
neutrinos in the brane. Mixing among them can arise only indirectly through their couplings
to the bulk neutrinos. This possibility was proposed in [20] where the neutrino oscillation
patterns were studied numerically in this scenario. We give below an analytic discussion and
concentrate on the feasibility of solving all neutrino anomalies in this context. Many of the
important features needed for this can be elucidated by considering only two generations.
We thus first consider the case of two active flavours α and β.
A. Two generations with Majorana mass
We take the following form for the flavour mass matrix µαβ:
 µ1 0
0 µ2

 . (37)
The 3 × 3 Majorana mass matrix in the basis of the three “flavor states” να, νβ, νs is given
by
mL =


µ1 0 mα
0 µ2 mβ
mα mβ 0

 . (38)
After taking into account the mixing with the bulk modes, the mass matrix m˜L becomes
(see eq.(24))
m˜L =


µ1(1− χ2α) −(µ1 + µ2)χαχβ/2 mαt
−(µ1 + µ2)χαχβ/2 µ2(1− χ2β) mβt
mαt mβt 0

 (39)
where t ≡ 1− χ2⊥/2 with χ⊥ ≡
√
χ2α + χ
2
β.
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As expected, the bulk states have generated mixing among the flavour states. The
corresponding mixing angle is seen to be given in the limit µ1,2 ≫ mα,β by
tan 2θαβ = − (µ1 + µ2)χαχβ
(µ2 − µ1)− (µ2χ2β − µ1χ2α)
. (40)
This induced mixing among flavour state can be large if µ1 ≈ µ2 while it tends to be small
for µ1 ≈ −µ2. This is to be contrasted with the pseudo-Dirac case where large mixing is
linked to the presence of almost equal and opposite masses. The mixing angle θαβ is maximal
in the limit {µ1 = µ2, χα = χβ}. The brane neutrinos are degenerate in this case but this
degeneracy is lifted by couplings to the bulk neutrino. Thus both the mass splitting and the
(large) mixing can be completely attributed to the higher dimensional physics in this case.
The mass squared difference among the three neutrinos can be worked out from (39) and
are given by
∆m212 = 2µ
2(−χ2⊥ +
1
4
tan2 2φ) , ∆m231 ∼ ∆32 ∼ µ2 , (41)
where
µ ≡ µ1 = µ2 , tan 2φ = − 2r⊥t
1 − χ2⊥
, r⊥ ≡
√
m2α +m
2
β
µ
. (42)
If the flavour states {α, β} are identified with {νµ, ντ}, the the large mixing in (40) can
be identified with the mixing observed in the atmospheric anomaly. The relevant (mass)2
difference is given by ∆m212 in (41). A potentially interesting range of parameters is µ ∼ 1 eV
and χ2 ∼ 10−3. This range reproduces the atmospheric mass scale, has the required large
mixing, and also has the seed of explaining LSND result through µ ∼ eV when the coupling
to a nearly massless νe is turned on. The 3ν extension of this scheme is discussed in Secs
IVB.
Let us consider the alternative possibility corresponding to {α = e, β = µ}. Depending
on the ranges of parameters, particularly the mass µ, solution of the solar neutrino problem
in this context has several interesting aspects:
(i) If µ is chosen to be around the MSW scale or lower (µ2 <∼ 10−6 eV2), then νe can
get converted to the KK excitations through MSW resonance with them, as discussed in
Sec. III. Even if the conversion probability is somewhat reduced when µ ∼ MSW scale, such
conversions can still contribute to the SMA solution of the solar neutrino problem for small
values of χe. In addition, another conversion mechanism becomes possible simultaneously if
χe ∼ χµ as would follow for non-hierarchical Yukawa couplings. The νe − νµ mixing angle
is large in this case, and ∆m212 in (41) can be appropriate for the vacuum solution when
χ2⊥ ∼ 10−4 (which also corresponds to the SMA solution). Thus the solar neutrino flux gets
altered inside the Sun through the resonance with KK states and outside through vacuum
oscillations with νµ. The simultaneous presence of these two solutions helps in getting better
agreement with the solar data since it is known that the vacuum oscillations of νe to sterile
state gives a poor fit to the rates observed in different solar neutrino experiments. But this
in conjunction with the SMA MSW resonance with the KK excitations is argued [25] to
describe various features of the solar neutrino data. However, note that since both the mass
11
scales generated here correspond to ∆m2⊙, it is not possible to incorporate the solutions to
both the atmospheric and LSND anomalies through the introduction of a single additional
neutrino νµ.
(ii) If µ is chosen around the LSND scale, the KK resonance is ineffective as discussed in
Sec. III. The solar neutrino problem can still find an explanation. This is because the ∆m212
controlling the solar oscillations can now be in the MSW range if µ2 is towards the lower end
of the LSND region and mixing parameter χ2⊥ ∼ 10−3. Since the mixing angle θeµ is large
(40), this can provide the large angle MSW solution, which is preferred by the solar data.
The higher dimensional physics is not directly involved in solar neutrino problem in this
case but its role is to generate mixing and mass splitting among the active neutrinos. The
oscillations relevant for the LSND solution could occur indirectly through coupling with νs.
Incorporating the atmospheric neutrino problem in this context would require introducing
the third neutrino ντ . This extension is discussed in Sec. IVC.
If one or more of the masses µ1, µ2 is zero, the mixing angle generated (40) is very small.
Since we need at least one large mixing angle (for solving the atmospheric neutrino prob-
lem), we shall consider only those scenarios in which at least two neutrinos have a nonzero
degenerate mass to begin with. If we do not introduce any scale other than the common
mass µ, we are led to two different possibilities corresponding to (a) two degenerate and one
massless neutrino (see Sec. IVB), and (b) all three degenerate neutrinos (see Sec. IVC). The
complete neutrino mass spectrum in these models is determined in terms of five parameters:
the common mass µ of neutrinos, three mixing parameters ξα and the compactification ra-
dius R. While their magnitudes are arbitrary, we will concentrate on the consequences that
follow when they are assumed to be around the following ”natural” values:
R−1 ≈ (2− 3) · 10−3 eV ; ξα ≡
√
2mαR ≈ (0.03− 0.4) ; µ2 ≈ (0.1− 1) eV2 . (43)
The value of R is near the observational limit and it also allows the possibility of an MSW
resonance between νe and the tower of the KK states [17]. Given this value and assuming
the fundamental scale Mf to lie in 1 − 10TeV range, one obtains the quoted values for ξα.
Value of ξe in this range leads to a SMA solution to the solar neutrino problem. Natural
value of mα ∼ 10−4 − 10−5 eV cannot help in generating the LSND or atmospheric mass
scale. The value of µ therefore needs to be chosen near the LSND scale. Given this, the
atmospheric scale follows naturally as we will see. The solar scale is explained in terms of
the value of R chosen in the above equation.
B. Three unmixed generations with Majorana masses {0, µ, µ}
We consider the case corresponding to three unmixed neutrinos having the masses
{0, µ, µ} in the brane. The 4× 4 mass matrix involving νe, νµ, ντ , νs is given by
mL =


0 0 0 me
0 µ 0 mµ
0 0 µ mτ
me mµ mτ 0

 . (44)
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Starting with this mL and including the corrections due to seesaw approximation as in
eq.(39), we get the following effective mass matrix:
m˜L = µ


0 −χeχµ/2 −χeχτ/2 τχe
−χeχµ/2 1− χ2µ −χµχτ τχµ
−χeχτ/2 −χµχτ 1− χ2τ τχτ
τχe τχµ τχτ 0

 . (45)
where τ ≡ (
√
2
∑
(1/k2) µR)−1(1−∑χ2α/2).
We can study consequences of the above equation approximately by retaining quadratic
terms in parameters χα, τ . This approximation is seen to be quite good for the choice of
parameters as in eq.(43). The diagonalizing matrix is given in this approximation by
Kˆ = R23(θ) R34(φ) R13(ψ) R14(ω) , (46)
where Rijs are 4× 4 rotation matrices in the i− j plane, and the angles are given by
θ = tan−1
χµ
χτ
, φ = −τχ⊥ , ψ = −χeχ⊥
2
, ω = π/4 (47)
where χ⊥ ≡
√
χ2µ + χ
2
τ . The mass eigenvalues are
λ1 = −µτχe , λ2 = µ , λ3 = µ(1− χ2⊥) , λ4 = µτχe . (48)
Note that two of the eigenvalues are degenerate. They will be split by terms higher order
in χ2. By keeping the higher order terms in the diagonalization, one can show that the 1-4
splitting is of O(µ2δ6) where δ denotes typical magnitude of χµ ∼ χτ ∼ χe ∼ τ . We thus
have the following (mass)2 differences:
∆m224 ≈ ∆m234 ≈ ∆m221 ≈ ∆m231 = µ2 ,
∆m223 ≈ 2µ2χ2⊥ ,
∆m214 ≈ O(δ6µ2) . (49)
The ∆m223 which plays the role of ∆
2
atm describes the splitting between (almost) degen-
erate νµ − ντ pair. The νe − νs pair is almost maximally mixed and is separated from the
νµ − ντ pair by the LSND scale. This pattern thus reproduces the 2+2 scheme of neutrino
mixing. The phenomenology of the solar neutrino however differs considerably from the 2+2
model. Now the zero mode of νB as well its KK excitations contribute to the solution of
the solar neutrino problem: the former through non-zero ∆m214 and the latter ones through
MSW resonances with νe. This is quantitatively displayed in Fig. 2. This figure shows the
variation of ∆m214 obtained by diagonalizing eq.(45) with χe for different values of µ. The
χµ,τ are determined by identifying ∆m
2
23 and θ (see eq. 47) with the atmospheric neutrino
mass scale and mixing angle. It is seen that the favourable value of χe ∼ 0.02 for obtaining
the SMA solution also corresponds to ∆m214 ∼ 10−10 − 10−11 eV2. Since the νe − νs mixing
is almost maximal (ω = π/4), the conversions νe ↔ νs can take place through vacuum oscil-
lations. Thus in this model one has the combined effect of the vacuum and SMA resonance
with the KK states as already discussed in Sec. IVA.
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The CHOOZ constraint is easily satisfied: The νe survival probability contains an oscil-
latory term with the amplitude
sin2 2θe ≈ 4U2e2U2e3 (50)
which vanishes within our approximation. The LSND scale also gives an averaged contribu-
tion
2(U2e4 + U
2
e1)(U
2
e2 + U
2
e3) ∼ δ4
which is of O(10−4) and hence negligible.
The amplitude of the LSND probability P (ν¯µ → ν¯e) is given by5
Peµ ∼ 4(Ue2Uµ2 + Ue3Uµ3)2 ∼ χ2eχ2µ . (51)
The LSND probability is significantly constrained here by the solutions of the solar and
atmospheric neutrino problems. The maximum allowed value of χ2µ ∼ χ2τ for which (49)
reproduces the observed atmospheric scale is approximately given by χ2µ ∼ 0.02. The χ2e is
required to be around 3 · 10−4 to obtain the SMA solution to the solar neutrino problem.
As a result, Peµ ≤ 10−5, which falls short of the LSND observation.
One can increase the LSND probability in the model by allowing larger value for χe and
thus by sacrificing the SMA solution. This is seen from Fig. 2 which shows the effective
LSND mixing angle following from (51) as a function of χe. We have chosen ∆m
2
atm and
θatm at extreme values in the allowed range so as to maximize χµ and hence the value of the
LSND probability in (51). It is seen from the figure that the observed probability cannot
be reproduced by the model for χe ≤ 1. The trend suggests that one may be able to obtain
LSND probability if χe is chosen large. While the SMA solution is no longer there, there is
an alternative mechanism to solve the solar neutrino problem here. Fig. 2 shows that ∆m214
increases with χe and eventually for χe ∼ 0.5 − 0.9 one obtains ∆m214 in the MSW range.
Thus instead of the higher excitations, the zero mode can cause the MSW transition in this
case. The perturbative formalism followed here is no longer valid for χe ≥ 1 and it remains
to be seen if all neutrino anomalies can be simultaneously understood in this case.
C. Three unmixed generations with Majorana masses {µ, µ, µ}
Starting with the mass pattern µ, µ, µ for the active neutrinos, the 4 × 4 mass matrix
involving νe, νµ, ντ , νs is given by
mL =


µ 0 0 me
0 µ 0 mµ
0 0 µ mτ
me mµ mτ 0

 . (52)
5 The contributions due to the KK states have been neglected in this approximation. Since from
(30), the coupling of νe and νµ to the KK states is
χeχµ
n2 ·
(∑ 1
k2
)−1
<∼ (Ue2Uµ2 + Ue3Uµ3) and
decreases rapidly (∝ 1/n2) with increasing n, this approximation is valid up to a factor of O(1).
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Starting with this mL and including the corrections due to seesaw approximation as in
eq.(39), the effective mass matrix is obtained as
m˜L = µ


1− χ2e −χeχµ −χeχτ τχe
−χeχµ 1− χ2µ −χµχτ τχµ
−χeχτ −χµχτ 1− χ2τ τχτ
τχe τχµ τχτ 0

 . (53)
The above matrix can be diagonalized exactly. The eigenvalues are given by
λ1 = µ , λ2 = µ , λ3,4 =
µ
2
(
(1− χ2)± [(1− χ2)2 + 4τ 2χ2]1/2
)
, (54)
where χ2 = χ2e + χ
2
µ + χ
2
τ . This leads to the following (mass)
2 differences:
∆m212 = 0 ,
∆m213 = ∆m
2
23 ∼ 2µ2χ2 ,
∆m214 = ∆m
2
24 ∼ ∆m234 ≈ µ2 . (55)
The diagonalizing matrix is given up to terms quadratic in {χα, τ} by
Kˆ = R23(θ) R34(φ) R13(ψ) R14(ω) , (56)
where the angles are given by
θ = tan−1
χµ
χτ
, φ = −τχ⊥ , ψ = tan−1 χe
χ⊥
, ω = −τχeχ⊥
χ2
. (57)
This model contains two exactly degenerate states. As a result, one has only two independent
∆m2s and it is not possible to account for all the anomalies. Moreover, the mixing pattern
in (56) is such that even if one is willing to give up LSND, the solar and atmospheric
neutrino anomalies cannot be simultaneously explained. In order to do this, one would need
to identify the larger ∆m2 ≈ µ with the atmospheric neutrino scale. But in that case,
the atmospheric neutrino mixing angle following from (56) turns out be too small [O(sω)].
In spite of vanishing ∆m212, the solar anomaly can be accounted through resonance with
the KK states. As shown in section (3), this becomes feasible only if the electron neutrino
mass µ ≤ 10−3 eV. In this case, the ∆m2s in eq.(55) cannot account for the atmospheric
neutrino anomaly. Thus simultaneous explanation of the solar and atmospheric neutrino is
not possible and the model does not seem phenomenologically viable.
V. ZEE MODEL FOR SOLVING ALL ANOMALIES
The neutrinos in the brane were assumed unmixed and degenerate so far. Neutrino
oscillations occurred entirely due to the presence of coupling to the bulk neutrino. Since
that seems to be inadequate for explaining all the neutrino anomalies, we now consider a
more general possibility in which some of the brane neutrino mixings are present even in
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the absence of the bulk states. The latter can provide additional structure needed to under-
stand all neutrino anomalies. This possibility will make some of the simple neutrino mass
generation mechanisms viable which by themselves cannot solve all the neutrino anomalies.
This is exemplified by the model due to Zee [22]. We confine our discussion to the Zee model
although the basic formalism in Sec. II can be used for any arbitrary mass structure in the
brane.
One obtains [26] the following neutrino mass matrix in the Zee model:
m0 = µ


0 ǫ sθ
ǫ 0 cθ
sθ cθ 0

 . (58)
where
tan θ =
feτ
fµτ
; ǫ =
feµ
f 2eτ + f
2
µτ
(
mµ
mτ
)2
. (59)
The fαβ in the above equation are Yukawa couplings of the charged singlet Higgs to the
leptonic doublet and µ is the overall mass scale.
The above structure has been used to simultaneously solve the solar and atmospheric
[27] or the LSND and the atmospheric neutrino anomalies [26,28]. The non-hierarchical f
imply a very small ǫ in eq.(58), leading to an approximate Le + Lµ − Lτ symmetry. This
corresponds to maximally mixed degenerate pairs. Only νµ − νe oscillations occur in this
limit and the LSND result can be explained by choosing 4s2θ ≈ 10−3 and µ2 ∼ 0.1 − 1 eV2.
Non-zero ǫ can generate spitting of O(4µ2ǫsθ) between the degenerate pairs. This would
correspond to the atmospheric neutrino scale if ǫ ∼ 10−1. While small values for ǫ are
more natural in this model, the required magnitudes of ǫ, sθ can be possible with somewhat
inverted hierarchy feτ ≪ fµτ ≪ feµ. The solar neutrino problem cannot be accommodated in
the Zee model with this choice of parameters. This however becomes possible once coupling
to bulk neutrino is switched on. This coupling also allows generation of the atmospheric
neutrino scale even when ǫ is zero, i.e. model is Le + Lµ − Lτ symmetric.
The coupling of Zee model to the bulk neutrino leads to the following mass matrix mL
in the basis νe, νµ, µτ , νs to zeroth order in the seesaw approximation:
mL = µ


0 ǫ sθ re
ǫ 0 cθ rµ
sθ cθ 0 rτ
re rµ rτ 0

 . (60)
Including non-leading corrections, we have the following effective mass matrix for the four
neutrino states:
δmL= −µ
2
×

2(χeχτsθ + ǫχeχµ) χτXeµ + ǫYeµ sθYeτ + cθχeχµ + ǫχµχτ χeβ
χτXeµ + ǫYeµ 2(cθχµχτ + ǫχeχµ) cθYµτ + sθχeχµ + ǫχeχτ χµβ
sθYeτ + cθχeχµ + ǫχµχτ cθYµτ + sθχeχµ + ǫχeχτ 2(χτχesθ + χτχµcθ) χτβ
χeβ χµβ χτβ 0

 , (61)
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where
Xαβ = cθχα + sθχβ , Yαβ = χ
2
α + χ
2
β ,
rα = mα/µ , β = (χere + χµrµ + χτrτ ) . (62)
Note that for the natural values mα ∼ 10−5 eV and for µ ∼ eV, the terms proportional
to β are much smaller than other elements in the matrix and can be neglected. Then up to
the second order in other parameters, m˜L can be written as:
m˜L =


0 ǫ− χeχτ/2 sθ − χeχµ/2 0
ǫ− χeχτ/2 −χµχτ 1− s2θ/2− χ2⊥/2 0
sθ − χeχµ/2 1− s2θ/2− χ2⊥/2 −χµχτ 0
0 0 0 0

 . (63)
This matrix can be diagonalized through
Kˆ = R23(
π
4
) R13(
sθ + ǫ√
2
− χeχ+
2
) R12(
sθ − ǫ√
2
− χeχ−
2
) R23(
ǫ2 − s2θ
4
) , (64)
where χ± ≡ (χµ ± χτ )/
√
2. The rotation matrix (Kˆ) may be expanded as


1− ǫ2+s2θ
2
sθ−ǫ√
2
− χeχ−
2
ǫ+sθ√
2
− χeχ+
2
0
−sθ + χeχµ2 1√2(1−
s2
θ
2
+ ǫsθ
2
) 1√
2
(1− s2θ
2
− ǫsθ
2
) 0
−ǫ+ χeχτ
2
1√
2
(−1 + ǫ2
2
− ǫsθ
2
) 1√
2
(−1 + ǫ2
2
− ǫsθ
2
) 0
0 0 0 1


. (65)
The mass eigenvalues are
λ1 = −2µǫsθ , λ2 = µ(−1 + χ2− + ǫsθ − ǫ2/2) , λ3 = µ(1− χ2+ + ǫsθ + ǫ2/2) , λ4 = 0. (66)
Thus, the three mass squared differences are
∆m224 ≈ ∆m234 ≈ ∆m221 ≈ ∆m231 ≈ µ2 ,
∆m223 ≈ 4µ2(χµχτ + ǫsθ) ,
∆m214 ≈ 4µ2ǫ2s2θ . (67)
The mass pattern is similar to the conventional 2+2 scheme. This allows the solution to all
anomalies simultaneously: The amplitude of the LSND oscillations is given by
Peµ ∼ 4(Ue2Uµ2 + Ue3Uµ3)2 ≈ 4s2θ . (68)
Thus, the choice of sθ made at the beginning of the section is a suitable one. All that is
needed is µ2 = ∆m2LSND. The large mixing required for the atmospheric mixing is naturally
obtained: here
sin2 2θatm ≈ 4U2µ2U2µ3 ≈ 1− 2s2θ , (69)
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so that the mixing is nearly maximal, and the mass squared difference is
4µ2(χµχτ + ǫsθ) = ∆m
2
atm ≈ 3× 10−3 eV2 . (70)
Note that (68) and (69) do not constrain the value of ǫ in any way, but (70) restricts the
maximum value that ǫ can take: if the major contribution to ∆m2atm is from the ǫ term, we
have ǫ ∼ ∆m2atm/(4µ2sθ) ∼ 10−2 − 10−1. The νe survival probability contains an oscillatory
term with the amplitude
sin2 2θe ≈ 4U2e2U2e3 ≈ (s2θ − ǫ2)2 <∼ 10−2 . (71)
The LSND scale also adds an average term to this probability with the amplitude 2(ǫ2+s2θ).
Both these amplitudes are within the observed bounds in the CHOOZ experiment. Notice
that this experiment puts a similar upper bound on the allowed value of ǫ as the atmospheric
∆m2.
For ǫ ∼ 0.1 and sθ ∼ 10−2, the smallest mass difference ∆m214 ∼ 10−5− 10−6 eV2. While
this is the right value for the MSW effect, the resonance cannot occur with the massless
mode due to the fact that the electron neutrino is heavier. The νe can however resonate
with the KK excitations with mass n
R
> λ1. Thus the solar neutrino problem can be solved
as in [17], with quantitative details differing due to the presence of non-zero mass λ1. For
ǫ ∼ 0.1 and θ ∼ 0.01, this mass is in the MSW range and this can significantly alter the
survival probability in the manner discussed in Sec. III.
Let us now consider the limiting case of the Zee model obtained when ǫ→ 0. As already
mentioned, the mass matrix is invariant under Le + Lµ − Lτ in this case and implies a
degenerate νe − νµ pair. Such a matrix cannot lead to the atmospheric neutrino scale.
This scale is generated through the couplings to bulk neutrinos which violate Le + Lµ − Lτ
symmetry. The expressions for the mixing and masses can be recovered from the earlier case
by putting ǫ = 0. This limit does not affect the solution to neutrino anomalies. One can
simultaneously solve all anomalies for the similar values of parameters R, sθ, µ, χa as in the
case with non-zero ǫ. The electron neutrino mass now is much smaller than the MSW scale.
As a result, the solution to solar neutrino problem occurs exactly as in [17] with very little
perturbation from λ1.
VI. SUMMARY
We have analyzed the neutrino mass spectra in models based on higher dimensional
theories with an extra dimension of mm size. We have restricted our discussion to the
minimal scenario where a single fermion propagating in the bulk couples weakly to the
flavour neutrinos in the brane. This coupling can generate and / or modify the masses and
mixings in flavour neutrinos. In addition, the singlet fermion in the bulk provides a massless
sterile neutrino and a KK tower of several light sterile states which can contribute to neutrino
oscillations. We have developed a formalism for calculating the net neutrino mass spectrum,
taking into account the effect of the brane-bulk coupling. Simple approximations allow one
to discuss various features of the neutrino mass spectrum analytically. We examined the
possibility of solving all the neutrino anomalies — atmospheric, solar and LSND — through
this in a natural manner.
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We have calculated the masses and mixings for several cases that can potentially solve
all the neutrino anomalies. In the absence of any masses for the brane neutrinos, it is
not possible to generate the required masses and large mixings naturally just through the
coupling with the bulk fermion. If two or more neutrinos are massive and degenerate,
however, large mixings and hierarchical mass splittings are possible. We considered two
cases in detail, the one in which all three flavour neutrinos are degenerate, and the one in
which two of them are degenerate and the third massless. It turns out that if all the three
neutrinos are degenerate, their coupling to the bulk fermion cannot lead to a simultaneous
understanding of even the solar and atmospheric neutrino anomalies, let alone LSND in
addition. This leaves the other option as the only viable alternative.
When two of the three neutrinos are degenerate with mass µ and the neutrinos have
no a priori mixings among themselves, their couplings to the bulk fermion automatically
lead to two pairs of almost degenerate neutrinos separated by the scale characterized by µ.
The splittings within the pair are hierarchical, and may account for ∆m2⊙ and ∆m
2
atm. The
hierarchy is completely controlled by the higher dimensional physics and one typically finds
∆m2⊙/∆m
2
atm ∼ δ4 where δ refers to the typical mixing between the bulk and brane neutrinos.
This hierarchy generates the scale corresponding to long wavelength solar oscillations for δ2 ∼
10−2. Identification of µ with the LSND scale turns out to generate the atmospheric scale
for the same value of δ. Thus the features needed to account for the solar and atmospheric
neutrino anomalies follow automatically. But the νe ↔ νµ oscillation probability is much
smaller than that observed at LSND when the mixing δ is small.
Understanding of all neutrino anomalies would then require some preexisting mass struc-
ture among the flavour neutrinos. We analyzed the specific example of the neutrino mass
matrix predicted by the Zee model, which produces two massive degenerate neutrinos and a
massless one. The coupling with the bulk fermion leads to the 2+2 mass spectrum, and its
solutions to solar and atmospheric neutrino anomalies can coexist with large νe− νµ oscilla-
tion probability seen at LSND. Even in the ǫ→ 0 limit of the Zee model (which corresponds
to the Le+Lµ−Lτ symmetry), all the three neutrino anomalies can be naturally accounted
for. The LSND scale µ, the LSND mixing angle θ and the large atmospheric mixing angle
are already present in the structure of the Zee (or Le + Lµ − Lτ symmetric) mass matrix.
The bulk fermion provides a massless sterile neutrino and a KK tower of sterile states that
can participate in the neutrino oscillations. The size of extra dimensions R ∼ mm creates
masses of the lighter KK states in the range m2n ∼ 10−6 eV2, appropriate for the SMA
MSW solution of the solar neutrinos. The brane-bulk coupling also generates the splitting
∆m2atm ∼ 4µ2ξ2 and the solar mixing angle sin θ⊙ ∼ ξe/n. The addition of the bulk fermion
and its coupling simultaneously provides ∆m2atm,∆m
2
⊙ and θ⊙ in the right range, thus com-
pleting the picture. The Zee model embedded in extra dimensions in the minimal way can
then account for all the neutrino anomalies.
The sterile neutrinos participate in the solar neutrino oscillations. We have calculated
how the survival probabilities in [17] get modified due to the nonzero masses of νe that is
obtained in the preferred scenarios. Another interesting feature of some of the scenarios
considered here is the simultaneous occurrence of two different mechanisms for the solution
to the solar neutrino problem. The oscillations of νe to massless mode of the bulk state
corresponds to the long wavelength solution and oscillations to higher modes are appropriate
for the SMA MSW conversion. These lead to differences compared to the phenomenology of
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the conventional “2+2” schemes [11] and allows one to explain [25] various features of the
solar neutrino data.
We had assumed throughout that size of the extra dimension and the fundamental scale
are near their observable limits. It is seen from the present considerations that this ob-
servability does not conflict with the observed features of neutrino masses and mixings.
While the presence of large extra dimensions cannot exclusively account for all the neutrino
anomalies they can provide an important ingredient for generating the observed features of
the neutrino spectrum.
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FIG. 1. Survival probability of νe from the sun as a function of energy. The (solid, long dashed,
short dashed, long-short dashed, long-short-short dashed) curves are for λ = (0, 1, 2, 5, 103)·10−3 eV.
The purpose of this plot is only to illustrate the dependence of Psurv on λ. The details of neutrino
production and transport inside the sun and the energy resolution have not been taken into account.
These will result in a smearing of the energy dependence shown in the figure.
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FIG. 2. ∆m241 in eV
2 (the lower pair of curves) and the predicted LSND probability (eq. 51)
χ2eχ
2
µ (the middle pair of curves) plotted against χe. The solid (dotted) curves correspond to
µ2 = 1.0 (0.2) eV2. The uppermost horizontal lines are experimental LSND probabilities .02 and
.003 corresponding to µ2 = 1.0 (solid) and 0.2 eV2 (dotted) respectively.
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